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This Memorandum is part of a continuing theoretical study of the
geomagnetic field. The results should aid the development of repre-
sentations of the geomagnetic field in space, and are directly appli-
cable to both geophysical problems involving scalar and vector poten-
tial fields, and to the design of conjugate point experiments. The





The geomagnetic field is analyzed by spherical harmonics and by
integrals. Series representations in spherical harmonics of geomagnetic
field charts are compared for truncation of the series at the 6, 8,
i0, and 12 terms of degree. Scalings are at a uniformly spaced
latitude-longitude grid from both U.S. and U.S.S.R. isomagnetic charts
for 1955.0. A numerical integration method for analyzing the field
is developed from Poisson's integral. A new surface grid, suitable
for use with integral analysis, is described. This grid is based on
subdivisions of a spherical icosahedron, and its points are almost
uniformly spaced over a sphere. This integration method is applied to
calculations of field values, field lines, and conjugate points. The
results are compared with those of earlier spherical-harmonic analyses
by Vestine and Sibley. A comparison is also made between those conjugate
points calculated by spherical harmonics from different sets of
coefficients derived from various sets of isomagnetic charts. Some
minor but undesirable effects are mentioned that arise because of the
uniform angular spacing of data points scaled from charts. The vari-
ation of the earth's magnetic moment and the location of the dipole
axis since 1835 is described and discussed. Finally, an extrapolation
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About 1839, Gauss first used spherical harmonics to analyze the
geomagnetic field's potential function. Since then, at intervals of
ten years or more, others have made such analyses (Chapman and Barte.ls ,
1940). The results of their work, usually in the form of charted
values, have seldom been rigorously comparable. This is hardly
surprising, since they used different accuracies and distributions
for the observational data points, assumed different numbers of
spherical harmonic terms to fit the data, weighted their observations
differently, and used different methods of analysis.
This paper estimates the differences caused by defective data
and procedures, and indicates the effect on a few major main-field
parameters and their interpretation. It compares the computed reaolts
of spherical-harmonic analysis with those of integral analysis, in
two merldlonal planes and at various heights above the earth's surface.
Xt describes formulas and grids that are useful for integral analysla.
It then compares the sample results with previous tabulations of the
main field that have been used in analyzing particle data for the
Van Allen radiation belts. It indicates the change since 1835 in the
geomagnetlc-pole position and in the earth's magnetic moment. Finally,




Spherical harmonic analyses of the geomagnetic field usually
represent the geomagnetic surface potential over a spherical earth
(whose radius equals a) in this form:
(a) n+lV = a _ _ - (gm cos n_ + hmn sin m_) Pmn (cos e) (i)
r
The earth's center is taken as the origin of the three spherical
coordinates: r, the distance from the origin; 8, the colatitude; and
_, the longitude east of Greenwich (Chapman and Bartels, 1940).
pm (cos _) are Schmidt's semi-normalized associated Legendre polynomials
n
m hm
of integral order m and degree n, and gn and n are the Gaussian
(Schmidt) coefficients. The north, east, and vertical (or downward)
components of the surface magnetic field are then given by
I _V i _V _V
X =----, Y_- , Z--- • (2)
r Be • r sin e _% _r
m hm
The values of gn and n are usually determined from the observed field
values. Most analyses provide values up to m = n = 6 and fit, by the
method of least squares, weighted data taken from charts at 5° to i0°
intervals of latitude and longitude. An example is the analysis for
1922 (Dyson and Furner, 1923); essentially the same methodology was
followed by Vestine, et al., for 1945, and for secular change at
10-year intervals from 1912.5 to 1942.5 (Vestine, et al., 1947). The
results obtained are therefore comparable, since they include the
influence of similar defects as well as advantages in methodology.
Repeating the study of 1945 -- but now using the data of Vestine, et al.,
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up to m = n = 15 -- gave surprisingly similar results (Fanselau
and Kautzleben, 1958).
Other methods based on observed points (unequally distributed
measurements at observatories) have afforded almost as good an
approximation, though they have not well represented the field's
distribution over the oceans. Analyses to terms of high degree
(512 coefficients) have been based on the charted vertical component
of the geomagnetic field for 1955.0 (Jensen and Whitaker, 1960;
Jensen, Murray and Welch, 1960). Most of the other analyses have
been based on the more precise charted or observed horizontal components
of field, for which the fit obtained by Jensen and Whitaker had a
root-mean-square error estimated to be l150y (one y = 10-5 cgs-unit)
in the charts of the U.S., and 632y in those of the U.S.S.R.; the
maximum difference in the computed minus observed value of horizontal
intensity was 620Oy. Results based on this analysis have fit, within
about one per cent, several satellite measurements in the lower
Van Allen radiation belt (Heppner, et al_._____.,1960). Coefficients obtained
by Finch and Leaton have given a similar or somewhat better fit within
another region (Heppner, et al., 1960; Finch and Leaton, 1957). Tabulations
of field values, of field lines and their conjugate points, and of
adiabatic invariants applicable to geomagnetically trapped particles
have been derived for these coefficients (Jensen, Murray, an d Welch,
1960; Vestine and Sibley, 1960; Ray, et al., 1962). There is now a
spherical-harmonic analysis for 1960, based directly on observational
points (Jensen and Cain, 1962). The radiation-belt L-shells of
Mcllwain (1961) use the 1960 values.
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III. INTEGRALS
Various books on potential theory have shown how to analyze
magnetic fields by surface integrals (Kellogg, 1929). Vestine (1940,
1941), _ (1944), and Benkova (1953) have extended the technique
to the geomagnetic field of a sphere, while Vacquier, et al., (1951)
has done the same for a plane earth.
A convenient starting point is Green's theorem, which gives a
magnetic potential V(P) at an internal point P(r,8,_) in terms of
surface values of the potential and its normal derivative _nV (n being
the outward normal):
v(P)=--- _ v as
4_ S _ _n r r 5n
, (3)
where S is the surface of the earth.
If V e is that part of V originating outside the earth, and Vi is
that part originating inside the earth, then for P external to S,
vi (F)=- _ v as
4_ S 5n r r 5n
, (4)
and, for P internal to S,
v (P)---- _ v
e 4_ S
where V = Ve + Vi" Upon S itself
dS/5n r r _n
, (5)
V
e i [I 8V
"Vi=--
2n S r 8n




where U/4_ is the strength of any uniform double layer on S, a layer
whose potential is zero outside S, and equal to -U everywhere inside S
(Vestine, 1940; Taylor, 1944).
For a spherical earth,
I 2_ _/2
V - V. = -- J" ._ (V + 2a Z) cos _ d_ dX (7)
e l _ _
217 o o
where V - V. is taken at the pole of coordinate (a,8,l) and _ = 8/2
e 1
and Z _V/_n (Vestine, 1941) and an analogous expression for Ze l
was obtained in correction of Vestine's earlier result (Taylor, 1944).
Therefore, as in spherical harmonic analysis, an integral method suffices
to separate an observed surface magnetic field into parts of external
and internal origin.
Equation (4) can be transformed with the Green's function of the
first kind:
I a i
G(Q,P) = , (8)
g r g'
where P is the outside point (r,8,k), Q the point (a,O',k') on S,
R the distance PQ, and R' the distance P'Q (where P' is the image
From this, we get the well-known Poisson'spoint to P in the sphere).
integral:
2 2
r - a f(8',A') dS
Vi (r,e,k)= £ (9)4_a R 3 '
giving V i at P outside, in terms of the surface values f(8',k')
ofV. onS.
l
Existing spherical-harmonic analyses of the geomagnetic field do
not show an external contribution V that can be detected with any
e
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certainty. In this paper, consequently, we will neglect the possible
contribution of external main-field terms.
is not a potential function, because its direction in space
is not always the same, but the values X, Y, and _ are known over S
and are defined in Eq. (2). Therefore, if we take the earth's center
0 as origin, we can transform the values into a Cartesian coordinate
system (x, y, z) with the x axis towards 90°W of Greenwich, the y axis
toward the Greenwich meridian, and the z axis toward the north pole.
Thus x = -r sin 0 sin %, y = r sin 9 cos X, and z = r cos 8, so that
the transformation results in the potential functions X = - _V/_x,
Y = - _V/_y, and Z = - _V/_z. Since X, Y, and Z are potential functions,
and therefore are not the same as X, _, and _, from Poisson's integral
2 a 2
r - X(x',y',z')dS
X(x,y, z) = I
4_a S R 3
2 2




r - a Z(x',y',z')dS
Z(x,y,z) = 4_a IS R 3 '
, (i0)
where x '2 + y,2 + z,2 = a 2, and X, Y, Z are the surface values of f in
the x, y, and z directions, respectively.
The field components on S in the three directions are then
X(x',y' z') = X cos 9' sin X' - Y cos _' + Z sin 8' sin X'
Y(x',y',z') = - X cos 8' cos k' - y sin k' - Z sin 8' cos k'
Z(x',y',z') = X sin 9 - Z cos 8'
(ll)
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i _V ( _V !
a sin _' _l' Dr =a
Here, a is the earth's radius, e' is the colatitude, _' is the
longitude east of Greenwich, as in Eq. (i0).
By inserting the values of X, Y, and Z from charts of the
geomagnetic field into Eqs. (i0) and (ii) we may then calculate
by machine the earth's main field at external points. To calculate
the field lines and the various adiabatic invariants, we merely
take the field direction as specified by the field's three orthogonal
components given by Eq. (i0) and use a Runge-Kutta-Gill integration
scheme (Vestine and Sibley, 1960).
We need know only 3V/_n over S to estimate the potential V at P.
For a point inside a sphere, P(r,e,l), we use a Green's function of
the second kind, H(Q,P). This function gives the potential at P
relative to a point on the sphere, Q(r', e',_'), and an image point,
p' -- Q, X •
r 2
1 a 1 2a
H(Q,P) = - + -- + -- log 2 (12)
R rR' a a - rr' cos 7 + rR'
The value R is the distance PQ, and the image point P' is inside the
sphere along the line OP so that the equality of R' and P'Q is
defined by the condition OP' • OP = a 2 where a is the radius of
the sphere (Kello_, 1929). H(Q,P) can be transformed by known
methods into a form H'(Q,P) suited to the calculation of V(P) at an




V(P)--- _ H'(Q,P) f(Q) dS'
4_ S
, (13)
provides the magnetic potential at P in terms of the surface values
_V
of f(Q) = _n on S. By differentiating H'(Q,P) with respect to
r, 0, and _, and by integrating, we can obtain the field components
in polar coordinates. But since Eq. (I0) seems to offer a more
complete use of the measured information, we will not use here the
normal component alone.
The following sections will describe and discuss for the first
time new spherical-harmonic analyses of the American and Soviet
world isomagnetic charts for 1955. We will indicate the quality of
fit, apply Eq. (I0) to the American charts, and compare the computed
results of field parameters with those obtained by Vestine and Sibley
(1960) for points in the radiation belts.
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IV. SPHERICAL-HARMONIC ANALYSES OF ISOMAGNETIC CHARTS
OF THE U.S. AND U.S.S.R. FOR 1955.0
Scalings of American and Soviet charts at 5° intervals of
latitude and longitude have been represented in terms of spherical
harmonics by one of the authors of this paper (J. L. Carlstedt). He
determined the coefficients of Eq. (I) by fitting the values of
X, _, and _, supposing the series to terminate with n = 4, 6, 8, i0,
or 12. He obtained a weighted least-squares fit for each case by
using a scheme that Vestine and Lange described in their analyses of
the isomagnetic charts for 1945 (Vestine, et al__.._.._.,1947).
6 with those obtained by FinchTable I compares the results to P6
and Leaton in the British Admiralty charts for 1955. It reveals a
fairly good agreement in magnitude and in sign, though discrepancies
are sometimes as great as 10-2 cgs when results for g_ are quoted
to four figures. In certain analyses, this means that the computed
values for the lower Van Allen region may disagree by as much as
10007 (where iV = 10 -5 cgs).
We have repeated the analyses, quoting more figures, for the
American and Soviet charts for 1955. To note the effects dependent
on the series' truncation, we supposed that the series of Eq. (i)
4 6 8 I0 and 12 For the American charts
terminated with P4' P6' PS' PI0' PI2"
of X and Y, Tables 2(a) and 2(b) llst our values of g_, and hm
m m n P
respectively. Tables 2(c) and 2(d) llst our corresponding values
for _. Similarly, Tables 3(a), 3_), 3(c), and S(d) list our values
for the Soviet charts.
-i0-
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Fanselau and Kautzleben (1958) noted that the terms up to P6
(but not to P_) are very roughly the same, whether the series ends
15 Agreeing even better, apparently, are thethere or goes on to PIS"
results for low-degree coefficients of the series that terminate in
8 I0 and 12
PS' PIO' PI2"
Our X, _, and _ series were synthesized at the points in a
17 x 36 grid that is composed of I0° spacings in colatitude and
longitude. Table 4 gives the root-mean-square (rms) errors in fit
for this grid between the synthesized and charted American and Soviet
data.
The quality of fit revealed by the rms errors in the X component
ranges from about 23Oy (0.0023 cgs) for the series terminating with
4 12 (about 907 forP4 to about ii0_ for the series terminating in PI2
the Soviet charts). Interestingly, the series for _ has a larger
4
rms departure (3207) when it terminates in P4' and the smallest value
12
of all (55_) when it terminates in PI2 m a considerable improvement.
Between the points of a I0 ° x i0° grid, of course, the present estimates
of quality will not necessarily apply. In addition, the discrepancies
for X and _ should theoretically be larger than those for _. This is
because we synthesized X and _ from their mea__nncoefficients, not
from direct analysis, as with _. In reality, however, the coefficients
based on _ are probably less accurate than those for X and Y, merely
because _ has been less accurately measured. Therefore, when Tables 2
and 3 are used for physical rather than for statistical purposes
(or for discussion of methodology), it may be appropriate to regard
the third digit from the right, rounded off, as the last significant
figure.
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It would be interesting to comparethe various results obtained
12 while computing values in the upperby using coefficients up to PI2
atmosphereand beyond. In attempting extrapolations to the earth's
core, one would probably minimize errors by choosing low-degree terms
12 The analyses contain other defects, somefrom the series to PI2"
not yet mentioned. For instance, the spacing of the I0 ° x i0° grid
is necessarily non-uniform in distance. Therefore, though it is
theoretically possible to determine the coefficients of Eq. (i) so
that the resulting values are independent of n (the number of terms
in the series), actual practice may require data at equidistant grid
points, making difficult the appropriate weighting of data.
Difficulties also occur in the integral methods mentioned earlier.
Of principal importance is the distribution of data over the area of
integration. How this is useful in calculating the geomagnetic field
will be considered in the next section. But it should be mentioned
here that non-uniform spacing of sampled chart data could conceivably
minimize some small effects that might result from the use of uniform
spacing. Thus, if there are higher-order harmonic components asso-
ciated with magnetic anomalies, an aliased contribution to lower-degree
harmonics may arise (Blackman and Tukey, 1959). For analyzing geo-
physical data, alternative schemes may minimize any possible effects
(MacDonald, private communication).
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V. ANALYSIS BY NUMERICAL INTEGRATION
TWO EQUAL-AREA GRIDS
The integral expressions for the field given by Eq. (I0) require
that X, Y, and Z be specified. These integrals can be evaluated
approximately by using values of X, Y, and Z specified at points on
a grid covering the sphere, S. Assuming that these field values
represent average values for surface-area sectors AS k centered on
the grid points, we can replace the integrals of Eq. (i0) with summations.
By selecting grids that specify surface sectors of equal area, we can
eliminate one source of variation in the integral and use field
values directly, without weighting.
Two equal-area grids are described here. The first is formed
by lines of latitude and longitude, the second by nearly equal
subdivisions on the faces of a spherical icosahedron. This equal
spacing of grid points over the surface of the sphere will enable
similar local features of the surface-field to affect the values of
X, Y, and Z similarly anywhere on the surface.
Longitude-Latitude Equal-Area_Grid
A grid of points can be constructed with lines of latitude and
longitude so that each grid point represents sectors of equal area.
First, take two planes that are parallel to the earth's equator and
that are separated by a fixed distance. The area of the earth's surface
between the planes will be the same, regardless of where the parallel
planes are located. If we divide the earth's diameter with a series of
equidistant planes that are parallel to the equator, the spherical
-13-
=_nts betwee_ the planes will be equal in area. These spherical
segments can be further divided into smaller equal areas by drawing
merldional planes that are spaced at equal polar angles. Figure I
shows such a subdivision of the earth's surface. The area sectors
adjoining the poles are triangular. Each area sector is bounded by
lines of latitude and longitude.
To represent this kind of subdivision, we can generate a set
of grid points in a similar fashion. Its advantage is that most
magnetic field data are similarly scaled at equal intervals of latitude
and longitude. Its principal disadvantage is the unequal spacing of
points over the sphere. In a grid with a longitude and latitude
spacing of I00 km at the equator, for example, the northernmost grid
points will be 1130 km from the pole, though separated from each other
by only 18 km in longitude. Giving field data only at these grid points
would cause unequal representation of the field's surface features due
to internal sources: the representation of features distributed in
longitude would obviously surpass that of features distributed in
latitude. Hence, extrapolations of the field to heights greater
than i00 km using this grid in combination with Poisson's integral --
or Eq. (I0) -- will reflect more accurately the effects of sources
that are distributed in longitude than those of sources that are
distributed in latitude. Nevertheless, extrapolation tests using
this grid from 70°N to 70°S give results with an accuracy commensurate
with that of surface data.
As we shall later use more advanced grid systems, we will here


























distributed over the surface of the earth at regular intervals of
latitude and longitude. By spacing the points closely, we can better
assess the potential accuracy of the surface integral method. We
actually use a composite of two latitude-longitude grids. The primary
grid has points spaced at intervals of 2° in latitude and 4° in longitude.
, 4°The smaller secondary grid (whose over-all measurements are in
latitude by 16° in longitude) is located beneath the point at which
the field is calculated. Its points are spaced at intervals of
1/4 ° in latitude and 1/2 ° in longitude.
In such a grid, the area sectors assigned to each grid point
vary in size over the surface of the sphere. We determine the area
2
assigned to each grid point by integrating dS = a sin e d_ d_ over the
assigned area, where 0 is the colatitude and _ is the longitude of
a point on the sphere, and a is the sphere's radius. Values of
X, Y, and Z for each point were calculated from the coefficients we
had derived from the American charts of 1955.0; using these values,
we calculated the field at 50°N, O°E and at an altitude of 600 km by
integrating Eq. (i0) over the composite latitude-longitude grid. These
spherical harmonic coefficients give the field at this point as
0.3654 gauss (with direction cosines of dx/ds = - 0.0723, dy/ds = 0.8937,
and dz/ds = 0.4464). This value can serve as a reference for
determining the accuracy of the value given by the surface integral
(0.3649 gauss with direction cosines of dx/ds = - 0.0723, dy/ds = 0.8958,
and dz/ds = 0.4470). The error in the field's magnitude is about 0.1%.
The maximum error in the direction cosines is for dy/ds -- about 0.25%.
Obviously, the surface-integral method can yield quite accurate
-16-
extrapolations of the geomagnetic field. The calculation is quite
lengthy, however, and requires an interpolation schemefor points at
which the field is not known.
Icosahedral Equal-Area Grid
The foregoing discussion has shown why it is desirable to have
sectors with equal areas, with a high degree of symmetry about their
centers, and with shapes that are independent of their location on the
sphere. From this, J. W. Kern decided that the icosahedron, being
the highest-degree regular polyhedron, is an excellent model for
subdividing a sphere.
If we trace a spherical icosahedron onto the surface of the earth,
letting one axis correspond to the axis of rotation, we can form an
equal-area grid by subdividing the faces of the icosahedron with great
circles. We will regard the grid points so determined as center points
of the sectors of integration. Figure 2 shows that almost every sector
will be a hexagon centered on a grid point; the exceptions will be the
pentagon centered on each vertex of the icosahedron. Figure 2 shows the
arrangement of the grid points for one face of the icosahedron° Since
equal areas are to be assigned to each of these grid points, we must
make small adjustments in the shape of the sectors and distribute them
over the sphere. Note that the sectors will not, in general, be
regular spherical polygons. But these irregularities will be quite
small if we make a fine subdivision, using the technique described below.
Consider the spherical triangle ABC, shown in Fig. 2. This face
of the spherical icosahedron is one of the five spherical triangles





Fig. 2 Method of generating an equal-area,
equal-spacing grid based on the spherical icosahedron
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AB and AC, lie in meridional planes and can be subdivided into
equal arcs. (In the figure, m = 16.) This subdivision determines
points on AB and AC that can be identified by their colatitude
measuredfrom the pole. If we pass great circles through the points
on AB and AC that have the samecolatitude, we will determine
great-circle arcs inside the ABCface of the spherical icosahedron.
MNin Fig. 2 is one such arc. If we now subdivide each arc once for
every arc lying between it and the pole, we generate a regular grid.
This grid can be transferred to all twenty of the spherical triangles
that makeup the spherical icosahedron. For example, the grid for
triangle ABCin Fig. 2 maybe transferred to triangle BCDby rotating
it 180° about a radius through E, the midpoint of BC. By joining two
spherical triangles (such as ABCand BCDin Fig. 2) we form an equilateral,
spherical quadrilateral (ABDC). To cover the sphere, we need only
repeat the grid pattern of ABDCfive times around each of the poles.
Thus, identification of this single pattern will enable us to prescribe
the grid for an entire sphere.
This technique can be formalized in terms of a set of vector
operations, in which linear transformations begin by generating the
grid within the spherical quadrilateral, and then repeat the grid
pattern about each pole. It can be madeso general that an electronic
computer can readily generate the coordinates for a grid of any
frequency, m.
NUMERICAL FORMULAE FOR SURFACE INTEGRATION
After a grid has been generated, and after the Cartesian components,
X, Y, and Z, have been calculated, the integral expression for a given
-19-





', z_) AS kXk (Xk' Yk
Here, X(x,y,z) is the desired x-component of the field in space
(similar expressions can be written for Y and Z); k is the index of
' z_) is the field value for AS k (the k-th surface-summation; Xk(X_, Yk
area sector) that is specified by the components of the radius vector
I
x' ', and Zk); and Rk is the distance from theto the center point ( k' Yk
point in space to the center of the k-th sector.
Rk is given by
2 2 2 2(x_ + yy_ + zz_)Rk=r + a -
where r is the radius vector from the center of the sphere to the point
in space, a is the radius of the sphere, and (x,y,z) and (_, y_, z_)
are the Cartesian coordinates of the point in space and of the k-th
sector's center.
Both the longitude-latitude and the icosahedron grids assigned
equal areas to the centers of their surface-area sectors. Therefore,
each sector is AS = 4_a2/N, where 4_a 2 is the area of the sphere, and
N is the total number of grid points. If we substitute this expression
for AS k into the summation for X given above, we see that
a(r 2 - a 2) N X k







a (r2 - a 2)
N









These are the approximate expressions that will be used in the surface-
integration method of calculating the field in space from surface values
over the earth. For example, the total number of grid points over the
surface of a spherical icosahedron is 10m 2 + 2, where m is the number
of subdivisions on the icosahedron's edges.
ANALYTIC PROCEDURES
We may regard Eq. (14) as sums of integrals:
X(x,y,z)=
(r2 - a 2) N XdS
4_a k=l AS k
in which we use the approximation,
Xd S 4_a 2 Xk
7 RT _ R3
AS k N
, (15)
to reduce the computation's complexity. For a point near the surface
of the earth, R becomes small for some terms in the series. As R
approaches zero, the integrand approaches infinity. This challenges
the range of applicability for Eq. (15) and similar approximations.
If X k is a good representation of X over ASk, we may write
-21-
XdS dS
and then estimate the appropriate variable weight by this equation:
dS
W= f R 3
AS k
One such value is, of course,
4tTa2
W = -- (16)
An alternative would be the integral for the cap segment of angle
A8 (Fig. 3):
2_ A8 sin e d@ dq_
w=f f
0 0 (a2 + r 2 - 2ar cos 8) 3/2
2rf Ae
: f ; sin e de d_
Ix 2 a2- )]3/20 0 2 + z + 2(Xoa cos q0 sin @ + z a cos @
o o O
For small A@, the approximations
8 2
sin @-_ @, cos 8 = i --
2





Ix + z2 + i - 2z - 2x 8 cos _ + z 82] 3/2
q








Coordinate system for surface integration
over a single area sector
(circular cap on sphere)
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2(K2-2XoA9 cos _ + z AS) ½ - (K2-x A8 cos _)] d_
o o
2 2 ½
(K2z -x cos _)(K2-2x A_ cos _ + z A_)
O O O O
= 2K 2 i - 2z + x 2 + z
o O o
(18)
Table 5 exhibits the relative merits of Eqs. (16) and (18) for
the case x = 0. In it, Ae = .04, which is quite close to the weighting
o
appropriate to N = 2562.
For x _ 0, Eq. (18) must be evaluated by numerical quadrature.
o
In subsequent numerical results, an eight-point Gaussian quadrature
was used over (0,_). Figure 4 exhibits the behavior of one-half of
the integrand, both for values of Xo and Zo where (xo2+ z°)2_ = i.i,
and for positions ranging from directly over the center of AS k out
to a distance of one sphere radius.
A trapezoidal integration of the curve for D = i (Fig. 4) yields
a value of .00504.
Comparing this result with corresponding entries in Table 5, we
see that for a distance of one sphere radius from the center of ASk,
Eqs. (16) and (18) give virtually the same result regardless of
orientation. This suggests that a combination of Eqs. (16) and (18)
satisfactorily estimates the surface integral. Equation (16) should
be used for those AS k farther than one sphere radius from the point
in space, and Eq. (18) for those closer than one radius.
dS
Table 6 estimates _ --_ for a grid corresponding to N = 2562.
S R_
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Fig. 4 Results of surface integral for circular cap
at different positions relative to the cap
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center of a particular ASk; the Off Center column lists positions
along a radius vector through a point midway between two AS k, To
account for overlapping AS k and to achieve the distribution of errors
listed under Center, Ae in Eq. (18) and the coefficient in Eq. (15)
2
were modified as follows: A_ = -- (.0675);
the coefficient 4--V-_
= N (.9978).
In general, one-tenth of a sphere radius is the minimum distance
from the sphere at which an error of less than 1% can be maintained.
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VI. APPLICATION TO GEOMAGNETIC FIELD-LINE CALCUlaTION
To avoid reading the magnetic charts at the previously described
grid points and to get results comparable to the spherical harmonic
analyses, we obtained the surface values of X, Y, and Z from the
48-coefficient expansion of the American 1955 charts. These data
allow one to compare directly the field lines obtained by the integral
method with those lines obtained by V_stine and Sibley (1960).
Each integration was by a fourth-order Runge-Kutta-Gill scheme,
moving by steps of 0.i earth radius (Gill, 1951).
Table 7 and Fig. 5 indicate the results of generating a field line
starting at 0.i of a radius above the point at 40°N, 90°E and ending
at an altitude of about 0.I of a radius.
Figure 6 shows a 50°N, 0°E field line generated by both the spherical-
harmonic and the surface-integral methods. For each, the integration
step is 0.25 earth radius. Note that the difference between the
calculated positions in the equatorial plane is greater than in Fig. 5
where we have a smaller step-size. Near the surface, the Runge-Kutta-
Gill integration of Eq. (16) yields field-line positions quite close
to those obtained by the spherical-harmonic analysis. Differences in
conjugate points at constant altitude are less than 0.01 earth radius
(about 65 km). To determine mirror points (the point along the line
where the field is the same as at the starting point), the integration
of Eq. (16) is less useful. The calculated magnitude of the field can
have errors on the order of 3% at altitudes of less than 0.i earth
radius. Such an error would allow the altitude of mirror points
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The field lines calculated with either Eq° (16) or with the
two-part integral correspond quite closely to those calculated by
spherical-harmonic methods. This correspondence can be further improved
by using shorter integration steps in the surface-integral methods.
This would require more computing time than in the calculations of
Figs. 5 and 6. But because surface-integral methods already increase
more than tenfold the time required by the spherical-harmonic methods,
the penalty for using shorter steps is proportionally small.
Table 7 lists the coordinates for three lines. The first was
derived by Vestine and Sibley (1960); the second by the mixed-integral
method discussed above; and the third by the integral method that uses
Eq. (15) throughout. For each step along these three lines, we have
computed the magnetic-field values (X,Y,Z) and listed them in Table 8.
The three methods produce quite comparable results for shorter
field lines. Figure 6 and Tables 7 and 8 show that the two integral
methods produce almost identical results that differ from the spherical
harmonic ones by about i00 km. The consistency of the integral results
can be explained in part by the fact that, although the values of X,
Y, and Z in Table 8 differ, they are almost proportional. The constant
of proportionality is the square of the ratio of the factors noted
in Table 6. This is not entirely unexpected. Because the direction
of the line of force is determined by the direction cosines associated
with the X, Y, and Z at each point, the constant of proportionality
disappears.
In general, as a point moves away from the surface of the earth,
Eq. (15) provides an increasingly good approximation of the field. Near
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the surface, however, only a few values tend to be heavily weighted,
because of the I/R3 argument in Eq. (15).
the computation of the direction cosines.
be found by rewriting Eq. (14):
This weight disappears in
A clue to this behavior may
a(r 2 - a2) I N
X(x,y,z) = N 3 3 _ k=l_Xk _k 'RIR2 •..
where _k RI R2 ......
X becomes
The direction cosine defined by
X ZX k _xk
X2+y2+z 2 Xk_k) 2 + (ZYk_k) 2 + (_Zk_k) 2
If we allow R k to tend toward zero, we obtain
Rk- 0
X Xk _k
_X 2 + y2 + Z 2
_ 2+ 2 2+ 2 2
_k Yk _k Zk _k
_X 2 2 + 2+ Yk Zk
precisely the direction cosine at the surface.
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Vll. COMPARISON OF CONJUGATE POINTS CALCULATED FROM
VARIOUS SPHERICAL-HARMONIC ANALYSES
DeWitt's study of IGY all-sky camera data (DeWitt, 1962) has
shown that auroras occur simultaneously in regions that are connected
along magnetic field lines (that is, geomagnetically conjugate).
Vestine and Sibley (1960) computed the conjugate points of a number
of locations in the auroral zones. They calculated that the IGY all-sky
camera station at Farewell, Alaska, and the station at Campbell Island
in the Southern Pacific Ocean are nearly conjugate, and that the same
is true of Kotzebue, Alaska, and Macquarie Island. DeWitt's observations
indicate that Vestine and Sibley may have been in error by as little
as 20 km.
We have repeated their calculations for Campbell Island, using
spherical-harmonic coefficients to order 6. Table I lists these
coefficients we derived from the British (Finch and Leaton, 1957), American,
and Soviet isomagnetic charts for 1955.0. We also used coefficients
derived from the American charts for 1960 (Jensen and Cain, 1962).
We have extrapolated the field line from Campbell Island (52°32'S,
168°59'E) to the northern hemisphere by the method of Vestine and Sibley
(1960). The surface positions of points conjugate with Campbell Island,
calculated with the indicated coefficients are: (i) British, 61°59'N,
154°39'W; (2) American, 1955, 61°45'N, 156°46'W; (3) Soviet, 61°40'N,
156°23'W; (4) American, 1960, 61°37'N, 155°05 'W. The mean latitude
of the four conjugate points is 61°45'N, with a mean deviation for the four
positions of ± 7' (about ± 13 km). The mean longitude of the four conjugate
points is 155°43'W, with a mean deviation of i 52' (about ± 44 km at the
-32-
meanlatitude). "The probable error in this procedure has been
previously estimated to be about 8 km. Apparently, uncertainties in
the mathematical representations of the surface field can cause
significant errors in the conjugate points. For the mean latitude
and longitude of the four conjugate points of Campbell Island, the
probable errors are _ 4' = • 7 km and ± 26' = • 22 km.
DeWitt's observations (1962) suggest an error limit of about this
order for the Campbell Island calculations of Vestine and Sible¥ (1960).
Obviously, no absolute criterion exists for preferring any one of the
above determinations. Note that the largest probable error is in the
conjugate point's longitude. Owing to the general east-west elongation
of auroral structures, the longitude may also be the most difficult to
check by auroral observations.
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Vlll. MAGNETIC MOMENT AND DIPOLE AXIS SINCE 1835
Spherical-harmonic analyses of British, American, and Soviet
isomagnetic charts for 1955.0 give coefficients that agree rather well
with each other. This is not surprising; they are independently derived
from practically the same sets of measurements. Truncating the series,
however, does affect the results. We see in Fig. 7(A) the positions
of the geomagnetic north pole since 1829, as placed by series to 4,
to 6, and to 12. It will be seen that pole positions for 1955 from
our analyses to P44 agree well with those of Gauss (1839) for 1838. Also
agreeing well with each other are those positions derived from series
6
to P6' including the last analysis (Jensen and Cain, 1962).
Figure 7(B) shows that the earth's dipole moment still continues
its rather uniform decrease with time. Points for Soviet charts are
based on our analysis presented here, as well as on a recent analysis
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Fig. 7 (A) Geomagnetic north pole, from various analyses, 1829--1960
(B) Moment, M, in units of 1025 cgs
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IX. MAGNETIC FIELD IN THE EARTH'S MANTLE
As we have seen, only a very small part of the magnetic field at
the earth's surface can be ascribed to external sources. The main field
is, in fact, thought to originate in the earth's core, and to be
maintained by motions of electrically-conducting fluid material in the
core. Extrapolation of the surface field to the boundary of the core
is therefore of great interest to geophysicists. However, the sources
producing the surface field are not entirely confined to the core. The
spherical-harmonic representation of the field given by Eq. (i) may
contain contributions from sources in the earth's mantle and crust.
For illustration, we have calculated the nondipole portion of the main
field at a depth of 1500 km (about halfway down to the core), using
the American coefficients of 1955.0.
Figure 8 shows the results in terms of the downward (Z) and
horizontal H_) components of the field. To exclude contributions from
localized sources in the outer mantle and crust, it uses only terms
up to m=n=6. If such contributions were present, the strong dependence
of higher-order terms on r in Eq. (i) would produce relatively large
errors in the field calculated for r < a. This kind of extrapolation
seems to present no numerical difficulties, and if the possible sources
in the crust and mantle are reflected only in coefficients of degree
and order higher than 6, the extrapolation can in principle be
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Fig. 8 Nondipole main-field components for 1955.0 at a depth of 1500 km
Contours are for downward _ component in gauss; horizontal component H_
is given by arrows
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X. CONCLUSIONS
Spherical-harmonic or integration analysis of the geomagnetic
field's potential offers a way to extrapolate and interpolate the field
over the earth's surface and nearby space. Spherical-harmonic analyses
of different sets of isomagnetic charts yield sets of coefficients that
6 with differences commensurate with the
are nearly the same to about P6'
probable errors in the data. To represent complex surface features
(such as anomalies), we must use a spherical-harmonic series with many
higher-order terms. Theoretically, integral methods avoid this difficulty.
But if accuracy comparable to spherical-harmonic analysis is required,
similar difficulties are met in supplying field values for the large
number of data points that are necessary for an integration.
Geomagnetic field lines can be extrapolated into space either by
spherical-harmonic analyses or by surface integrals. To this
extrapolation, Poisson's integral is applied. The key is recognizing
that each component of the geomagnetic field, specified over the earth's
surface in a Cartesian-coordinate frame rotating with the earth, can
be treated as a scalar potential function. Then, by applying Poisson's
integral separately to each component, one can calculate the corresponding
components at any point in space external to the sphere. We doubt that
such application to a sphere has been previously noted.
The calculations based on'spherical harmonics take less computation
time, because their coefficients embody the surface-field data in a
convenient analytic form. Surface-integral calculations require a
relatively complete specification of the surface field, particularly
-38-
those parts near the earth's surface. Each integration over the surface
requires the handling of the total surface-field data. It involves an
argument of I/R3, where R is the distance from a point at which the
integral is evaluated to a data point on the surface of the sphere.
The calculation of this for each data point greatly extends the time
required for evaluating the surface integral. Accuracies comparable
to those with spherical-harmonic methods require increases in time by
factors of between ten and one hundred.
However, since the integral method involves only the process of
summation, it maybe less limited in a_curacy. It also offers
conceptual advantages convenient to those familiar with potential
theory. Further, the calculations presented here indicate that
comparable field-line positions are obtained by both methods.
There is no evidence of change in the position of the geomagnetic
north pole from 1835 to 1960. The apparent motions are in some
instances probably due to truncated series in spherical-harmonic
representations of the field. The dipole momentof the earth has
decreased at a uniform rate from 1829 to 1960.
Finally, there appear to be no serious obstacles to an inward
extrapolation of the geomagnetic field to the earth's core. Sources
of the geomagnetic field external to surface of the earth are negligi-
ble, and those due to sources in the mantle and crust are likely to
contribute only to harmonics of order and degree higher than 6. Thus
a truncated spherical-harmonic series should give an adequate represen-
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Table I
Spherical-Harmonic Analyses of the Geomagnetic Field for 1955,
Based on British, American, and Soviet World Charts.
Gaussian (Schmidt) Coefficients, g_, h_,














































































































































































Table 2(a) Spherical-Harmomic Analysis of the Geomagnetic Field for 1955,







































with indicated values in pm.
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Table 2(b) Spherical-Harmonic Analysis of the G_.omadfnetic Field for 1955,
U. S. World Charts. Mean values of X and Y , for series terminating






























































































































































































































































































































































Table 2(c) Spherical-Hsanaonie Analysis of the Geomagnetic Field for 1955,
U. S. World Charts. Mean values of Z , for series ter_natin6
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_ble 2(d) Spherical-Harmonic Analysls of the @eomagnetlc _lel_ for 1995,
U- S. World Charts. Mean values of _ , for serdes ter_Ltmating
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Table 3(a) Spherlcal-Harmonic Analysis of the Geomagnetic Fiel4 for 1955,









































with indicated values in pm.
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Table 3(b) Spherical-Harmonlc An_lysls of' the G_etlc Fiel_ for 1955,
U.S.S.R. World Charts. Mean values ofX and Y_ , for series terminating















































































































































































































































































































































Table 3(c) Spherical-Harmonic Analysis of the Geom_tlc Field for 1955,
U.S.S.R. World Charts. Mean values of Z , for series term/nating





















































































































































































































































































































































Treble3(d) Spherlcal-Harmonic Analysis of the Geomagnetic Field for 1955,







































with indicated values in pm.
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Weighted rms Error E in Units of i0 cgs in the Fit of Tabular Values
at i0° Intervals of Colatitude and Longitude; U.S. and U.S.S.R. Charts
for 1955 for Spherical-Harmonic Series Terminating in Degree 4, 6, 8,
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